o 



> 

oo 



^ 



COVARIANT VERSION OF THE STINESPRING TYPE 
THEOREM FOR HILBERT C**-MODULES 

MARIA JOITA 



Abstract. We prove a covariant version of the Stinespring theorem for Hilbert 
C*-modules. 



1. Introduction 



^h \ A completely positive linear map from a C*-algebra A to another C*-algebra 

B is a map <p : A — > B with the property that [ip (flr/)]" = i i s a positive element 
C"| , in the C* -algebra M n (B) of all n x n matrices with elements in B for all positive 

matrices [a^]™ =1 in M n (A) and for all positive integers n. The study of completely 
positive maps is motivated by the applications of the theory of completely positive 
maps to quantum information theory (operator valued completely positive maps on 
C*-algebras are used as mathematical model for quantum operations) and quantum 
probability. 

Sitinespring [9 shown that a completely positive map ip : A — ¥ L(H) is of the 
form ip (•) = V*n (•) V where 7r is a ^-representation of A on a Hilbert space K and 
V is a bounded linear operator from H to K . 

C^) ' Hilbert C*-modules are generalizations of Hilbert spaces and C*-algebras. In 

r — , [3] it is proved a version of the Stinespring theorem for completely positive map 

on Hilbert C*-modules. In this paper, we will prove a version of the covariant 

^^ , Stinespring theorem for Hilbert C*-modules. 

A Hilbert C*-module X over a C*-algebra A (or a Hilbert A-module) is a linear 

space that is also a right A-module, equipped with an A-valued inner product (•, •) 

that is C- and ^4-linear in the second variable and conjugate linear in the first 

i 
variable such that X is complete with the norm ||a;|| = ||(x,x)|| 2 . X is full if the 

closed bilateral *-sided ideal (A", X) of A generated by {(x, y) ;x,y £ X} coincides 

with A. 

A representation of X on the Hilbert spaces H and AT is a map ttx '■ X — > 

L(H, K) with the property that there is a ^-representation it a of A on the Hilbert 

space H such that 

{■K X {x)^x{y)) = iTA((x,y)) 

for all x, y £ X. If A is full, then the ^-representation ita associated to ttx is unique. 

A representation irx ■ X — > L(H,K) of A is nondegenerate if [ttx(X)H] = K 

and [kx{X)*K] = H (here, [Y] denotes the closed subspace of a Hilbert space Z 

generated by the subset Y C Z). Two representations irx ■ X — > L(H,K) and 
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■k x : X — > L(H ,K ) are unitarily equivalent if there are two unitary operators 
U\ £ L(H,H') and [/ 2 £ L(K,K') such that U2irx{x) = n x (x)U 1 for all x in A 

m- 

A map $ : X — > L(H, K) is called a completely positive map on X if there is a 
completely positive linear map tp : A — > L(H) such that 

(4 (x), *(!/)> = tp((x,y)) 

for all x and j/ in A". If X is full, then the completely positive map ip associated 
to 4 is unique. If $ : X — > L(H, K) is a completely positive map on X, then 4 is 
linear and continuous. 

B.V.R. Bhat, G. Ramesh, and K. Sumesh [3] provided a Stinespring construction 
associated to a completely positive map $ on a Hilbert C*-module X in terms of the 
Stinespring construction associated to the underlying completely positive map <p. In 
Section 2 we present a Stinespring construction associated to a completely positive 
map on a full Hilbert C*-module, the construction is similar to the construction 
given in [3l Theorem 2.1] but it is not given in terms of the underlying completely 
positive map. 

A morphism of Hilbert C* -modules 2\ or a generalized isometry |10j is a map 
4 : X — > Y from a Hilbert ^-module X to a Hilbert S-module Y with the property 
that there is a C*-morphism ip : A — > B such that 

(*(x) J *(j/))=V((af,W» 

for all x and y in X . If X is full, then the underlying C*-morphism of ^ is unique, 
in fact 4 is a ternary morphism [TUl Theorem 2.1]. A map 4 : X — > Y is an 
isomorphism of Hilbert C* -modules if it is invertible, 4 and 4 _1 are morphisms of 
Hilbert C* -modules. 

Suppose that G is a locally compact group, A is the modular function of G 
with respect to left invariant Haar measure ds. A continuous action of G on a 
full Hilbert A- module A is a group morphism t i-> r\ t from G to Aut(A), the 
group of all isomorphisms of Hilbert C* -modules from A to A, such that the map 
(£, x) i->- r\ t (x) from G x A to A is continuous. The triple (G. r/, A) will be called 
a dynamical system on Hilbert C*-modules. Any C*-dynamical system (G,a, A) 
can be regarded as a dynamical system on Hilbert C*-modules. 

Let t I— > Ut and £ i— > u' t be two unitary ^-representations of G on the Hilbert 
spaces H and K . A completely positive map <I> : A — > L(H, K) is (u', u)-covariant 
with respect to (G, 77, A) if 

* fat (*)) = u 't® ( x ) < 

for all x £ X and for all t £ G. Clearly, if $ : A — > L(H) is a completely 
positive map u-covariant with respect to the C*-dynamical system (G, a, A), then 
it is [u, u)-covariant with respect to the dynamical system on Hilbert G*-modules, 
(G,a,A). 

In Section 3, we provide a covariant version of the Stinespring theorem, and in 
Section 4, we show that any covariant completely positive map $ with respect to 
(G, ry, A) induces a completely positive map on the crossed product G x v X. 
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2. The Stinespring type theorem for Hilbert C*-modules 

Proposition 2.1. Let irx '■ X — > L(H,K) be a representation of X , V 6 L(H) 
and W € L(K) a coisometry. Then the map 4> : X — > L(H,K) defined by 

$ ( X ) = W*TT X (X) V 

for all x G X is a completely positive map. 

Proof. Indeed, we have 

(*(s) ,*(»)) = {W*tt x (x) V, W*tt x (y) V) 

= (TT X (x)V,7T X (y)V) = V*7r A ((x,y))V 

for all x, y € X, and since the map ip : A — s* L(H) dchned by 

<p(a) = V*K A {a)V 

is completely positive, $ is completely positive. D 

We show that an operator valued completely positive linear map $ on a full 
Hilbert C*-module X is of the form $ (•) = W*nx (•) V, where ttx is a represen- 
tation of X, W is a coisometry and V is a bounded linear map. Moreover, under 
some conditions this writing is unique up to unitary equivalence. 

Theorem 2.2. Let X be a full Hilbert C* -module over a C* -algebra A, H and K 
two Hilbert spaces and $ : X — > L(H, K) a completely positive map. Then: 

(1) There are two Hilbert spaces H<j, and K$, a representation 7r$ : X — > 
L(H$, K$) of X , a bounded linear operator V$ : H —$■ H§ and a coisometry 
W® : K — > K$, such that: 

(a) $ (x) = WJ 7r$ (x) V$ for all x E X; 

(b) [tt*(X) !/%#]=#$; 

(c) [tt* (X)* W&K] =H*. 

(2) If H and K' are two Hilbert spaces, ixx '■ X — > L(H',K') a representation 
of X, V' an element in L(H, H') and W : K — > K' a coisometry that verify 
the following relations: 

(a) $ (x) = W* ttx (x) V for allxeX; 

(b) [■K X {X)V'H]=K I ; 

(c) [irx (X)* W'K] = H', 

then there are two unitary operators U± € L(H$, H') and U% £ L(K$, K') such 
that: U 2 Tr q , (x) = ir x (») U x for all x £ X, V = U{V^ and W = U 2 W<s,. 

Proof. (1) Let (p be the completely positive linear map associated to $ and let 
(TTtp,H v ,V v ) be the Stinespring construction associated to ip [3 Theorem 5.6 (1)]. 
Let H$ = H Vl V$ = V V ,K$> — [$(X)H] and W$ the projection of K on K<$,. 
Exactly as in the proof of Theorem 2.1 3 it is shown that the map 7r$ : X — > 



L(iJ$, K$) defined by 7r$ (x) I Yl ^v ( fli ) ^i^i ) = 2 ^ (# a i) ^ i s a representation 

Vi=l / i=l 

of X that verifies the relations (a) and (b) . From 

[tt$ (X)* WqK] = [tt$ (X)* #$] = [tt* (X)* tt* (X) V<s,H] 
= [Tv v {{X,X))VzH] = [ir v (A)VzH]=H$ 
we deduce that the relation (c) is verified too. 
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(2) If tta-A — > L(H') is the ^-representation associated to ir x , then: 

<p((x,y)) = ($(x),$(y)) = (W'*ir x (x)V')*W'*Tr x (y)V 
= V'*7T X (x) W'W'*7r x (y) V = V'*7T A ((x, y)) V 

for all x and y in X, and 

[it A ((A, X)) V'H] = [tt x (X)* n x (X) V'H] = [ir x (X)* K'\ 

= [tt x {X)* W'K] = H'. 

Therefore, {it a, H' , V') is unitarily equivalent to the Stinespring construction asso- 
ciated to ip [3 Theorem 5.6 (2)], and so there is a unitary operator U\ € L(H^,H') 
such that ^(a) = UiiTp (a) U* and V — U\ V$. As in the proof of Theorem 2.4 [3] 
we show that the there is a unitary operator U-x : AT$ — > K' such that 



and moreover, 



/ n \ n 

U 2 [J2 tt$ (xi) V$hi ) = J2 n x (xi) V'hi 
C/ 2 7r* (x) = n x (x) Ui and W = U 2 W<s>. 



n 



3. The covariant version of the Stinespring construction 



Let (G, 77, X) be a dynamical system on Hilbert C*-modules. A covariant repre- 
sentation of (G, 77, X) is a quadruple (tt x , v, w, H, K) consists of two Hilbert spaces 
H and K, a representation ir x : X — > L(H, K) of X, a unitary ^-representation of 
G on H, i i->- Ut, and a unitary ^-representation of G on K, t M- w t such that 

ir x (n t (x)) = W t 7TX (x) i£ 

for all 1 £ I and for all t € G. We say that the covariant representation 
(tt X , v, w, H, K) is nondegenerate if the representation ir x is nondegenerate. Clearly, 
any covariant representation of a G*-dynamical system (G, a, A) is a covariant rep- 
resentation of (G, a, A) regarded as dynamical system on Hilbert G*-modulcs. 

Any continuous action t t— > r\ t of G on X induces a unique continuous action 
t i-> a]! of G on A such that ocl ((x, y}) = (rj t (x) , rj t (x)) for all x, y G X and for all 
teG|. 

Remark 3.1. A (nondegenerate) covariant representation (tt Xi v,w, H, K) of (G,j],X) 
induces a (nondegenerate) representation of (G, a'',^4). Indeed, if tta is the *- 
representation associated to tt x , then 

n A (ai({x,y))) = TT A ({v t ( x ),Vt (v))) = i^x (Vt 0)) ,*x (v t (v))) 

= (w t TT X (x)v*,w t TT X (y)v*) =v t TT A {{x,y))v* t 

for all x, y S X and for all t G G. Therefore (tta, v, H) is a covariant representation 
of(G,a",A). 

Let t h- > m and t t— > u' t be two unitary ^-representations of G on the Hilbert 
spaces H and K . 

Remark 3.2. // $ : X — > L(H,K) is a completely positive map, (u',u)- covariant 
with respect to (G,rj,X), then the completely positive map Lp associated to $ is 
u-covariant with respect to (G, a 71 , A). 
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Indeed, we have 

<P(.t4((x,y))) = cp(('O t (x),ri t (y))) = ($(r) t (x)),$(r) t (y))) 

= <«{* ( x ) «?.«£* (v) <) = u fp (fo y)) < 

for all x, y G X and for all t G G. 

Proposition 3.3. Let (jtx,v,w,H,K) be a covariant representation of (G,n, X), 
V G L(H), W G L(K) a coisometry, t H ► m andt i— > uj iiwo unitary * -representations 
of G on H respectively K such that v t V — Vu t and w t W — Wu' t for all t G G. 
Then the map $ : X — > L(H, K) defined by 

$ (a:) = W*tt x (x) V 

for all x £ X is a completely positive map, (v! , u)-covariant with respect to (G, r\, X). 

Proof. By Proposition 2.1, the map $ is completely positive. From 

$ ( Vt (x)) = W*tt x (fit («)) V = W*w t n x (x) v* t V = ujWTrx (») V«J = u£* (x) u* t 

for all x G X and for all t G G, we deduce that the completely positive map $ is 
(u',u)-covariant. □ 

We show that an operator valued (vf, u)-covariant completely positive map $ on a 
full Hilbert C*-module X is of the form $ (•) = W*ir x (•) V, where (irx,v, w, H, K) 
is a covariant representation of (G, n, X), W is a coisometry such that WtW = VFi4 
for all £ G G and V is a bounded linear map such that VtV = Vu t for all t € G. 
Moreover, under some conditions this writing is unique up to unitary equivalence. 

Theorem 3.4. Let $ : X — > L(H,K) be a completely positive map, (u',u)- 
covariant with respect to [G,rj,X). Then: 

(1) There are two Hilbert spaces H$ and K$, a covariant representation (7r$, u*, 
ui*, .£/$, -K$) o/ (G, ?7, X), a linear operator V$ : i? — > i?$ and a coisometry 
W$ : A" — >• if$ swc/i £/ia£: 

(a) $ (a;) = WJ 7r$ (x) F$ /or all x E X\ 

(b) w*V» = Vittf /or aH £ G G; 

(c) u»f W« = W^uJ /or allteG 

(d) [tt* (JC) Vi-ff] = #*; 

(e) [tt* (X)* WiiiT] = #$. 

(2) If H and K' are two Hilbert spaces, (wx,v, w, H', K') a covariant repre- 
sentation of {G,rj,X), V' an element in L(H,H') and W' : K — > K' a 
coisometry which verify the following relations: 

(a) $ (x) = W* ir x (x) V for all x G X; 

(b) wtV = Vu* /or a// 1 G G; 

(c) mW' = W'u' t for all t G G; 

(d) [ttx (X) V'H] = If'; 

(e) [tt x (X)* WIT] =J3 r/ , 

i/ien i/iere are two unitary operators U± G L(_ff$, if') and L/2 G L(K$, K') 
such that: U2Tr<s> (x) = irx (x) U\, VtU\ = U\vf , lOjt^ = U^wf , V[ — C/iV$ 
andW = U 2 W<s,. 

Proof. (1) Let ip be the completely positive map associated to $. Then, by Re- 
mark 3.2, <p is u-covariant with respect to (G, a v ,A). Let (ir ip ,v v ,H ip ,V ip ) be the 
covariant Stinespring construction associated to ip (see, for example, [8]). Then 
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{'K l p,H l p,Vi P ) is the Stinespring construction associated to ip and by Theorem 2.2, 
(w^,H^,K<!,, V<s>, W$), where H® — H v , V$ = V V ,K$ = [<S>(X)H] , W$ is the pro- 



jection oi K on i^$ and 7r$ : X — > L{H^, K$) is defined by 77$ (a;) I X 7r v (aj) V$/i 

\*=1 

n 

= ^2 $ (xaj) /ij is the Sinespring construction associated to $. Moreover, the reta- 
il 

tions (a), (d) and (e) are verified. 

Let vf — vf for all t € G. Then £ h->- vf is a unitary ^representation of G on 

/ n 

_ff$ which verifies the relation (b). Since $ is (w , w)-covariant, u' t X ^{xi)h 

n 

— X) ^ I 7 ?* ( x i)) u *^i f° r all £ G G and for all Xi £ X,hi <E H, i = 1, ...,n, and so 

[$>(X)H] is invariant under v! . Then, since W® is the projection on [$>(X)H], we 
have u' t W<j> = W&u' t . Let wf — Wjlfir* for all £ G G. Then £ i->- w* is a unitary 
♦-representation of G on _?Q> which verifies the relation (c). 

To prove the assertion (1) it remains to show that (ir$,v®, w*, H$, K^) is a 
covariant representation of (G,r/,X). From 

/ n \ n n 

7r$ (r] t (x)) I X) *V (a») V^/ij = J] $(?7 t (x)a,i)hi = X) * (% (zo^-i («»))) ^ 

\i=l / i=l i=l 

n 

= X uj* (la^ (a»)) Uj ft-i 

i=l 

and 



'7TX (a;) uf_i f J2 n v ( a i) v v h i ) = w t^x (x) f X "f-i"'?- ( a Vp^i 

= w 



^a (a;) ( X ti> (a^-i (ai)) w t * iV^/ij j 
wf 7TA- (») f X ^v ( a ?-i K)) V v u *thi J 

n 

X uj$ (ict^ (a*)) Wj/ii 



for all ai,...,a n G A and for all hi,...,h n G H, we deduce that 7r$ (rj t (x)) = 
wfirx (x)vf_ 1 for all x G X and for all £ G G. Therefore, (7r$, u*, iy*, i?$, i^$) is 
a covariant representation of (G, 77, X). 

(2) Since (wa,v, H ', V), where 7ryi is the underlying ^representation of 7rx, is 
unitarily equivalent to the covariant Stinespring construction associated to ip, there 
is a unitary operator U[ G L(H^,, H') such that V = C/{V$, VtU[ = U[vf for all £ G 
G, and 77-[7r v (a) = -ka{o)U[ for all a G A. On the other hand, (77$, -££$, -K$, V$, M 7 ^) 
is the Stinespring construction associated to $, and then by Theorem 2.2 (2), 
there are two unitary operators U\ G L(H^,,H') and U2 G L(Kg,,K') such that: 
t/ 2 7r$ (x) = tt x {x) Ui for all x € X, V = U X V^ and W = U 2 W^,. Moreover, 



U 2 [ X 7T$ (Xj) V$/lj = J] 7TA- (Xi) V'hi 
i=\ J i=l 
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for all xi, ...,x n G X and for all hi, ..., h n G H, whence 



w t U 2 [ J2 ^ ( x i) v ® h i ) = WtiY^nx (xi) V'hi = J2 n x (ilt (*»)) v t V'hi 

n / n 

= Y.^x (% ( x i)) V'uthi = U 2 [J2 ^* (Vt ( x i)) V<s,u t h t 



= U 2 I J2 W t 7T$ (Xi) V$/lj I = U 2 w t I J] 7T$ (Xi) V$ft.-, 

and so wtt/2 = U 2 wf for all t € G. 

From C/27T$ (x) = 7rx (x) U\ for all x 6 X, we deduce that J7i7r y (a) = ir A (a)Ui for 
all a G A and then 

U[ (Tr v (a)V$h) = 7r A (a)U[V^h = n A (a)V'h = ■jr A (a)U 1 Vg ! h = U\ {n v (a)V^h) 

for all a G A and for all h € H. From this relation, since [■K ip (A)V^,H] — H, we 
deduce that U\ — U[ , and the assertion is proved. □ 

4. COVARIANT COMPLETELY POSITIVE MAPS AND CROSSED PRODUCTS OF 

HlLBERT C*-MODULES 

Let (G,rj,X) be a dynamical system on Hilbert C*-modules. The linear space 
C(G, X) of all continuous functions from G to X with compact support has a 
structure of pre-Hilbert G x aV A- module with the action of G x a ,j A on C(G,X) 
given by 

(xf)(s)=Jx(t)a1(f{t- 1 s))dt 

G 

for all x G C(G, X) and / G C(G, A) and the inner product given by 
(x,y)(s) = fa?_ 1 ((x(t),y(ts)))dt 

G 

The crossed product of X by 77, denoted by G x v X, is the Hilbert G x a v A- module 
obtained by the completion of the pre-Hilbert G x a -n A-modulc C(G, X) (4J [6] 

Any covariant representation (ttx, v, w, H, K) of {G, n, X) induces a representa- 
tion (irx x v, H, K) of G x v X such that 

(tt x x v) (x) = Jtt x (x (*)) wtrft 

G 

for all x G C(G, X). Moreover, the underlying ^-representation of ttx x d is the 
integral form of the covariant representation (n A ,v,H) of (G, a 71 , A) induced by 
(tt x ,v,H,K) ©. 

Remark 4.1. If (ttxtVjW, H, K) is a nondegenerate covariant representation of 
(G,r],X), then its integral form (ttx X v,H,K) is nondegenerate 

Indeed, let f G C(G,A) and x G X. Then f x G C(G,X), where f x (s) = xf(s), 

{llX X V) (f x ) = J 7T X (xf (*)) V t dt = J 7T X (x) TT A (f (*)) V t dt = TT X (x) (n A X v) (/) 
G G 

and 

(tt x x v) (f x )* = (tt a x v) (/)* ttx (x)* . 

From these facts and taking into account that (tt a x v, H, K) and (ttx, v 1 H, K) are 
nondegenerate we deduce that \(ttx x v) (X) H] = K and [(ttx x v) (X)* K\ = H. 
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Proposition 4.2. Let $ : X — >• L(H,K) be a completely positive map, (u',u)- 
covariant with respect to (G,r),X). Then there is a completely positive map $ : 
Gx,l4 L(H, K) such that 

$(x) = f$(x{t))u t dt 

G 

for all x £ C(G,X). Moreover, the completely positive map associated to $ is the 
map (p : G x^ A — > L(H) such that 

G 

for all feC (G, A) . 

Proof. Let (71"$, w*, w® , i?$, -K$, V$, W$) be the covariant Stincspring construction 
associated to $. Consider the map $ : G x v X — > L(H, K) defined by 

$ (z) = W* (tt* x v*)(z)V*. 

By Proposition 3.3 , $ is completely positive and 

$ (x) = W* (tt* x v*) (x) V* = J WJtt« (x (*)) vfV*dt 

G 

= fW£wz(x(t))V*u t dt = f$(x(t))u t dt 

G G 

for all x € C(G,X). Since (ir v x v v , iI<j,V$) is the Stincspring construction asso- 
ciated to Lp : G x a v A — > L(H) with 

G 

for all / e C (G, A) , we have 

(*(zi),$(*i)) = ^((7r*xv*)(«i),(7r*xt;*)(«i))Vb 
= V£ (?r v x v*) ((zi, zi)) Vs. = tp ((zi,zi)) 

for all Z\, Z2 € G x, X. Therefore, the completely positive map associated to $ is 

ip. ' D 

Remark 4.3. Lei <£ : X — > L(i?, if) be a completely positive map, (u' , u)-covariant 
with respect to (G,n,X). If (77$, i>*, to*, _ff$, JT$, V$, W$) is ifce covariant Stine- 
spring construction associated to $, i/ien (71$ x v® ,H$,K$, V$, W$) is ifce Stinc- 
spring construction associated to $. Indeed, we have 

[{(tt$ x «*) (/ x ) F$/i; xeX,fe C(G, A), he H}] 
= [tt$ (X) 7i>(C(G, i4))V*fl] = [tt$ (a;) fl] = X 
and 

[{(^x^^r^iJtgX./GClG.^fcGif}] 
= [^(GCG, A))*tt $ (X)* W*K] = [w v (C(G, A))H] = H. 

From these relations and taking into account that the map $ is defined by $ (z) = 
WJ (71"$ x v*) (z) V$, we deduce that (71"$ x v*, -ff$, -K$, V$, W$) is the Stinespring 
construction associated to $ (see, Theorem 2.2). 
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